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Abstract. The contribution of proton polarizability to hydrogen hyperfine splitting is evaluated on the
basis of modern experimental and theoretical results on the proton polarized structure functions. The
value of this correction is equal to 1.4 ppm.

The investigation of the hyperfine splitting (HFS) of the
hydrogen atom ground state has been considered for many
years as an important test of quantum electrodynamics.
The experimental value of the hydrogen hyperfine splitting
was obtained with very high accuracy [1]:

∆Eexp
HFS = 1420405.7517667(9) kHz. (1)

The corresponding theoretical expression of the hydro-
gen hyperfine splitting may now be written in the form [2]

∆Eth
HFS = EF (1 + δQED + δS + δP ),

EF =
8
3
α4 µpm

2
pm

2
e

(mp +me)3
, (2)

where µp is the proton’s magnetic moment, and me, mp

are the masses of the electron and proton. The calcula-
tion of different corrections to EF has a long history. The
present status in the theory of hydrogenic atoms was pre-
sented in detail in [3]. δQED denotes the contribution of
higher-order quantum-electrodynamical effects. The cor-
rections δS and δP take into account the influence of the
strong interaction. δS describes the effects of the proton’s
finite size and recoil contribution. δP is the correction due
to the proton polarizability. The basic uncertainty of the
theoretical result (2) is related with this term.

The main contribution to δP is determined by the two-
photon diagrams shown in Fig. 1. The corresponding am-
plitudes of virtual Compton scattering on the proton can
be expressed through the nucleon polarized structure func-
tions G1(ν,Q2) and G2(ν,Q2). The inelastic contribution
of the diagrams of Fig. 1a,b may be presented in the form
[3,4,26,6–8]

∆EP
HFS =

Zαme

2πmp(1 + κ)
EF (∆1 +∆2)

= (δP1 + δP2 )EF = δPEF , (3)
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Fig. 1a.b. Feynman diagrams for the proton’s polarizability
correction to the hydrogen HFS
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(5)

where νth determines the pion–nucleon threshold:

νth = mπ +
m2

π +Q2

2mp
, (6)

and the functions β1,2 have the form

β1(θ) = 3θ − 2θ2 − 2(2− θ)
√
θ(θ + 1), (7)

β2(θ) = 1 + 2θ − 2
√
θ(θ + 1), θ = ν2/Q2. (8)

F2(Q2) is the Pauli form factor of the proton, κ is the pro-
ton anomalous magnetic moment: κ = 1.792847386(63)
[9]. During many years there were not enough experimen-
tal data and there was not enough theoretical information
about the proton’s spin-dependent structure functions, so
the previous study of the contribution ∆EP

HFS contains
only an estimation of the proton’s polarizability effects:
δP ∼ 1–2 ppm or the calculation of the main resonance
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contributions [6–8,10]. The theoretical bound for the pro-
ton’s polarizability contribution is |δP | ≤ 4 ppm. As noted
in [3], the problem of the proton’s polarizability contribu-
tion requires a new investigation which takes into account
more recent experimental data on the spin structure of
the nucleon.

The polarized structure functions g1(ν,Q2) and g2(ν,
Q2) enter in the antisymmetric part of the hadronic tensor
Wµν , describing lepton–nucleon deep inelastic scattering
[11]:

Wµν = W [S]
µν +W [A]

µν , (9)

W [S]
µν =

(
−gµν +

qµqν
q2

)
W1(ν,Q2) (10)

+
(
Pµ − P · q

q2
qµ

) (
Pν − P · q

q2
qν

)
W2(ν,Q2)
m2

p

,

W [A]
µν = εµναβq

α

{
Sβ g1(ν,Q

2)
P · q

+ [(P · q)Sβ − (S · q)P β ]
g2(ν,Q2)
(P · q)2

}
, (11)

where g1(ν,Q2) = m2
pνG1(ν,Q2) and g2(ν,Q2) = mpν

2G2

(ν,Q2); q2 = −Q2 is the square of the four-momentum
transfer. The invariant quantity P · q is related to the en-
ergy transfer ν in the proton’s rest frame: P · q = mpν.
The invariant mass of the electroproduced hadronic sys-
tem, W , is then W 2 = m2

p + 2mpν −Q2.
The proton spin structure functions can be measured

in the inelastic scattering of polarized electrons on po-
larized protons. Recent improvements in polarized lep-
ton beams and targets have made it possible to make
increasingly accurate measurements of the nucleon’s po-
larized structure functions g1,2 in experiments at SLAC,
CERN and DESY [12–19]. The spin-dependent structure
functions may be expressed in terms of virtual photon-
absorption cross sections [11]:

g1(ν,Q2) =
mp ·K

8π2α(1 +Q2/ν2)
(12)

×
[
σ1/2(ν,Q2)− σ3/2(ν,Q2) +

2
√
Q2

ν
σTL(ν,Q2)

]
,

g2(ν,Q2) =
mp ·K

8π2α(1 +Q2/ν2)
(13)

×
[
−σ1/2(ν,Q2) + σ3/2(ν,Q2) +

2ν√
Q2
σTL(ν,Q2)

]
,

where K = ν − (Q2/(2mp)) is the Hand kinematical flux
factor for virtual photons, and σ1/2, σ3/2 are the virtual
photoabsorption transverse cross sections for a total helic-
ity for photon and nucleon of 1/2 and 3/2 respectively, σTL
is the interference term between the transverse and longi-
tudinal photon–nucleon amplitudes. In this work we cal-
culate the contribution ∆EP

HFS on the basis of modern ex-
perimental data on the structure functions g1,2(ν,Q2) and
theoretical predictions on the cross sections σ1/2,3/2,TL.

To obtain the correction (3) at the resonance region
(W 2 ≤ 4GeV2) we use the Breit–Wigner parameteriza-
tion for the photoabsorption cross sections in (12) and
(13), suggested in [20–26]. There are many baryon reso-
nances that give a contribution to the photon-absorption
cross sections. We take into account only five important
resonances: P33(1232), S11(1535), D13(1520), P11(1440)
and F15(1680). Considering the one-pion decay channel
of the resonances, the absorption cross sections σ1/2 and
σ3/2 may be written as follows [23,27]:

σ1/2,3/2 =
(
kR

k

)2
W 2ΓγΓR→Nπ

(W 2 −M2
R)2 +W 2Γ 2

tot

4mp

MRΓR

× |A1/2,3/2|2, (14)

where A1/2,3/2 are the transverse electromagnetic helicity
amplitudes, and we have

Γγ = ΓR

(
k

kR

)j1 (
k2

R +X2

k2 +X2

)j2

, X = 0.3GeV. (15)

The resonance parameters ΓR,MR, j1, j2, Γtot were taken
from [9,28]. In accordance with [22,24,28] the parameter-
ization of the one-pion decay width is

ΓR→Nπ(q) = ΓR
MR

mp

(
q

qR

)3 (
q2R + C2

q2 + C2

)2

,

C = 0.3GeV (16)

for P33(1232) and

ΓR→Nπ(q) = ΓR

(
q

qR

)2l+1 (
q2R + δ2

q2 + δ2

)l+1

(17)

for D13(1520), P11(1440) and F15(1680). l is the pion an-
gular momentum and δ2 = (MR−mp−mπ)2+Γ 2

R/4. Here
k and q are the photon and pion 3-momentum in the cms
for a given center of mass energy W , kR and qR are taken
at the pole of the resonance. In the case of S11(1535) we
take into account the πN and ηN decay modes [24,28]

ΓR→π,η =
qπ,η

q
bπ,ηΓR

q2πη + C
2
π,η

q2 + C2
π,η

, (18)

where bπ,η are the π (η) branching ratio.
The cross section σTL is determined by an expres-

sion similar to (14), containing the product (S∗
1/2 ·A1/2 +

A∗
1/2S1/2) [12]. The calculation of the helicity amplitudes
A1/2, A3/2 and the longitudinal amplitude S1/2, as func-
tions of Q2, was done on the basis of the constituent quark
model in [30–34]. In the real photon limit, Q2 = 0, we take
corresponding resonance amplitudes from [9]. For the ∆
isobar amplitudes A1/2(Q2), A3/2(Q2) we used the rela-
tions obtained in [35]. Helicity amplitudes of the other
resonances were taken from [31–34]. We have considered
the Roper resonance P11(1440) as an ordinary qqq state.
As follows from the predictions of the quark model, the
helicity amplitudes, which may be suppressed at Q2 = 0,
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Fig. 2. Proton structure function g1(W, Q2) for Q2 = 0.5 in
the resonance region. Experimental points correspond to [12]

become dominant very rapidly with Q2. This may be seen
on Figs. 2–5, where we have also shown experimental data
of the E143 collaboration at two fixed momentum trans-
fer points: Q2 ≈ 0.5GeV2 and Q2 ≈ 1.2GeV2. Our re-
sults for the structure function g1(ν,Q2) on Figs. 2 and 3,
which are in qualitative agreement with [27] and experi-
mental data, show that the Breit–Wigner five resonance
parameterization of the photon cross sections and the con-
stituent quark model results give a good description of the
proton’s polarized structure functions at the resonance re-
gion. The existing difference of this model for g1,2(ν,Q2)
and the experimental data, which is in particular seen in
Fig. 3, demands further improvement in the construction
of spin-dependent structure functions. This may be done
considering the contributions of other baryonic resonances
in the large W range: S31(1620), F37(1950), D33(1700),
P13(1720) and F35(1905), and accounting different decay
modes of such states [27]. The sum rule of Gerasimov–
Drell–Hern [36]

− κ2

4m2
p

=
1

8π2α

∫ ∞

νth

dν
ν
[σ1/2(ν, 0)− σ3/2(ν, 0)] (19)

is valid with high accuracy [27]. The second part of (4)
gives in particular a large negative contribution to the
correction δP1 in the range of small Q2, where the contri-
bution of the ∆ isobar is dominant. With increasing Q2 its
value decreases and the total correction δP1 has a positive
sign.

Our calculation of the contribution ∆EP
HFS in the DIS

region (W 2 ≥ 4GeV2) is based on recent experimental
data [12–19]. All of the data, including the SMC data at
Q2 ≤ 1GeV2, were fit to the parameterization

g1(x,Q2) = a1xa2(1 + a3x+ a4x2)[1 + a5f(Q2)]F1(x,Q2),
(20)

where x = Q2/2mpν is the Bjorken scaling variable, F1 =
W1mp. The coefficients of the fits and different models for
the form of the Q2 dependence may be found in [12,19]. In
Figs. 6 and 7 the experimental data and parameterization
in the form (20) for the ratio g1/F1 are presented at two
different points Q2. A numerical integration in (4) was

Fig. 3. Proton structure function g1(W, Q2) for Q2 = 1.2 in
the resonance region. Experimental points correspond to [12]

Fig. 4. Proton structure function g2(W, Q2) for Q2 = 0.5 in
the resonance region

Fig. 5. Proton structure function g2(W, Q2) for Q2 = 1.2 in
the resonance region

performed with f(Q2) = − lnQ2 (fit IV), corresponding
to pQCD behavior. We have extrapolated the relation (20)
to the region near Q2 = 0. A calculation of the second part
of the correction δP in (5) for the nonresonance region was
performed by means of the Wandzura–Wilczek relation for
the spin structure functions g1(x,Q2) and g2(x,Q2):

g2(x,Q2) = −g1(x,Q2) +
∫ 1

x

g1(t, Q2)
dt
t
. (21)
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Fig. 6. g1(W, Q2)/F1(W, Q2) as a function of W for the proton
at Q2 = 0.7 in the DIS region [12]. The dashed and solid curves
are the results of fits I and IV respectively

Fig. 7. g1(W, Q2)/F1(W, Q2) as a function of W for proton at
Q2 = 1.2 in the DIS region [12]. The dashed and solid curves
are the results of fits I and IV respectively

The values of the contributions δP1 , δ
P
2 and the total

contribution δP , obtained after the numerical integration
in the resonance and nonresonance regions are as follows:

δP1,res = 0.93 ppm, δP1,nonres = 0.86 ppm,

δP1 = 1.79 ppm, (22)

δP2,res = −0.42 ppm, δP2,nonres = −0.01 ppm,
δP2 = −0.43 ppm, (23)

δP = δP1 + δP2 = 1.4± 0.6 ppm, (24)

where the error, indicated in expression (24), is deter-
mined by two main factors, connected with the polarized
structure functions: the uncertainty of the experimental
data in the nonresonance region and the possible contri-
bution of the other baryonic resonances to the functions
g1,2(ν,Q2). An estimation of the second error was done
by means of the integration results in (4) and (5) for the
different intervals of Q2, W and the possible modification
of the spin-dependent structure functions in the resonance
region W ≥ 1.5GeV due to changing of the Breit–Wigner
parametrization (14). The first part of the error in (24) is

connected with statistical and systematical errors of the
experimental data from [12].

The difference between the experimental value (1) and
the theoretical result ∆Eth

HFS without the proton polariz-
ability contribution can be presented in the form [2,3,37,
38]

∆Eexp
HFS −∆Eth

HFS

EF
= 4.5(1.1) ppm. (25)

As was pointed out in [2,3,37], the main sources of uncer-
tainty in this difference are the inaccuracy of the proton’s
form factor parameterization (dipole fit etc.) and the con-
tradictory experimental data on the proton radius. The
proton polarizability correction δP calculated here gives a
contribution (24) of the proper sign and order of magni-
tude to the difference (25). Further improvement of this
calculation is connected, just like the new experimental
and theoretical investigations of the internal structure of
the light quark baryons, and new more accurate measure-
ments of the proton polarized structure functions, with us-
ing the QCD-based methods of the spin-dependent struc-
ture function calculation [40,41]. A more detailed consid-
eration of the structure functions g1,2(ν,Q2) at the res-
onance region, taking into account contributions of some
other baryonic resonances and additional decay channels
is also needed. This work is in progress.
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